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ABSTRACT : In this paper we introduced the novel concept of basic hypergeometric series and the hypergeometric
function. We express many of common mathematical function in terms of the hypergeometric function. Gauss
contigous relations, some integral formulas, Recurrence relations, transformation formulas, values at the special

points.
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I. INTRODUCTION

The basic hypergeometric series ¢, (9%, g% g7; g, X) wasfirst
considered by Eduard Heine (6). It becomes the
hypergeometric seriesF (o, f; v; X) inthelimit when the base g
is1. Hypergeometric serieswere studied by Euler, but thefirst
full systematic treatment was given by Gauss [5], Studiesin
the nineteenth century included those of Ernst [7].

Theterm *“ hypergeometric function” sometimes refers
to the generalized hypergeometric function. The Gaussian or
ordinary hypergeometric function ,F, (a, b; ¢; 2) isaspecia
function represented by the hypergeometric series, that
inclueds many other specia functions as special or limiting
cases. For systematic lists of some of the many thousands of
publishded identities involving the hpergeometric function,
aregiven by Arthur et al. [3] Abaramowitz and Stegun [1] and
Daalhuis[2].

The generalized basic hypergeometric series cf. Gasper
and Rahman [4] isgiven by
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is the g-shifted factorial, r and s are positive integers,
and variable x, the numerator parameters a,, ..., &, and the
denominator parametersb,, ..., b beingany complex bj 6=0q—
mm=0,1,...;j=12,..,s

If Jg| < 1, the series (1.1) converges absolutely for all x if
r _sandfor|x] < 1ifr=s+ 1 This series also converges
absolutely if [g| > 1and [x| <|b, b,... bJ/|]a, &, ... a .

Further, in terms of the g-gamma function, (1.2) can be
expressed as
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where the g-gamma function (cf. Gasper and Rahman
[4]) isgiven by

(qf; q) (9 ®as
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The theory of basic hypergeometric functions of one
and more variables hasawide range of applicationsin various
fields of Mathematical, Physical and Engineering Sciences,
namely-Numbetheory, Partition theory, Combinatori-alanalysis,
Lietheory, Fractional calculus, Integral transforms, Quantum
theory etc. In the present work, we express the generalized
basic hypergeometric function , ,® (.) intermsof aniterated
g-integrals involving the g-Gauss hypergeometric function.
Using g-contiguous relations for ,®,(.), we obtain
somerecurrence relations for the generalized basic
hypergeometric functions of one variable. The above
mentioned technique is a g-version of the technique used by
Gau eandKala[8].
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II. TRANSFORMATION FORMULAS
Euler’'stransformationis

SFi@bic 2= (1—z)c—a—b2Fl(c—a, c—b; c; 2). (21
It follows by combining the two Pfaff transformations
@b c2=(1-27",F (c-ab;c; 2%1).
SF@b;c2=(1-272 F (ac-b;c Z_il). (22
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whichinturnfollow from Euler’sintegral representation.

[11. INTEGRAL REPRESENTATION

In this section, we express the generalized basic
hypergeometric function ®(.) (for r = s+ 1) in terms of an
iterated integral involving the basic analogue of Gauss
hypergeometric function.

Theorem: Let Re(bs—i) >0, forali=0,1,...,s—2and
gl < 1, thentheiterated g-integral representationof , ,® (.) is
given by
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Proof. To provethetheorem, we consider the well-known
g-integral representation of r_s(.), namely
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q,tx| dt,
b,...b_q; } q

which is the generalization of g-analogue of Euler’s integral

representation, namely (cf. Gasper and Rahman
[4])
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Therefore, relation (3.2) can also bewritten as
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Repeating the processin theright-hand side of (3, 4), we
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Successive operation (s—3) timesin theright-hand side
of (3.5) leadsto thedesired result (3.1).

IV. GAUSS CONTIGUOUS RELATIONS

The six functions ,F,(a £ 1, b; ¢; 2), ,F,(a, b+ 1; c; 2), and
,F,(a,b; ct 1;2) arecalled contiguousto ,F, (a, b; ¢; 2). Gauss
showed that ,F,(a, b; c; 2) can be written as a linear
combination of any two of its contiguous functions, with
rational coefficientsintermsof a, b, ¢, and z

zd—F = z@ =F(a+,b+,c+)=a(F(a+)-F)
dz c
= b(F(b+) —F)

= (c-1) (F(e)-F)
_ (c-a)F(a-)-(a—-c+b2) F

1-z
_(c-b)F(b-)+(b-c+az) F
1-z
_, (c-a)(c-b)F(ct)+cla+b-c)F
cl-2

In the notation above, F = ,F,(a, b; c; 2), F(a +)
=,F,(a+ 1b; c; 2) and so on.



Yadava and Pandey 33

Repeatedly applying theserelationsgivesalinear relation
between any three functionsof theform ,F (a+ m, b+n; c+
[; 2, wherem, nand | areintegers.

V. RECURRENCE RELATIONS

In this section, as an application of the integral representation
for ., ,@(.), givenby (3.1), weshall derive certain recurrence
relation for the generalized-basi c hypergeometric series. Using
the relation between g-contiguous basic-hypergeometric

functions[4,p.22].
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On substituting value from relation (5.2) in the right-
hand side of theresult (3.1), we have
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Again, on making use of theresult (3.1), the aboveresult
(5. 3) leadsto thefollowing recurrencerelation :
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whereRe(bs—i) >0, forali=0,1,...,s—2and x| < 1.

Similarly, if we consider the following g-contiguous
relations (cf. Gasper and Rahman [4, p.22])
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and make use of the result (3.1), we obtain the following
respective recurrence relations for generalized basic
hypergeometric functions, namely
ul Bl a 1 a g 1 ;
S+1(I)S [q q 3 4 aS aS+l q, X]
in b2| b\;l"'lbs
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whereRe(bs—i) >0, forali=0,1,..,s—2and [x| < L.
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whereRe(bs—i) >0, forali=0,1,..s—2and x| < 1.
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VI. GAUSS'S CONTINUED FRACTION

Gauss used the contiguous relations to give several ways to
write a quotient of two hypergeometric functions as a
continued fraction, for examples

sF(@a+lbc=12
L,F(a b;c 2)

1
(a-c)b
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(c+D(c+2
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VII. SPECIAL CASES AND VALUES AT
SPECIAL POINTS z

Q% a), _
; (7.2

qlLT_ = Fq (a) = F(a) and qli}r?_ w = (a.)n,
(@,=a@+1)..(@a+n-1), .(7.2)

one can note that the result (2.1) is the g-extension of the
known result dueto Galu’eand Kalla[ 3], namely
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Special valuesat z=1

Gauss' stheorem, named for Carl Friedrich Gauss, isthe
identity

t_
: 1"‘2“*} dt, ... dtdt, ..(7.3)

_TI'(c)T'(c-a-b)
" I'(c-a)I'(c-b)

which follows from Euler’sintegral formulaby putting
z=1

Kummer’stheorem (z=-1)

There are many cases where hypergeometric functions
can beevaluated at z=—1 by using aquadratic transformation
to changez=—1to z= 1 and then using Gauss's theorem to

evaluate the result. A typical example is Kummer’s theorem,
named for Enst kummer:

SFi(@b;c 1) (74)
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I+ a) F(L+ %a— b)



Yadava and Pandey

whichfollowsfrom Kummer’s quadratic transformations
SF(a b 1+a-b; -2
(a l+a

=12 F 5, ~bilvach Zj
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and Gaussstheorem by putting z=—linthefirst identity.
Valuesat z=1/2

Gauss's second summation theorem is

Flab = (1+a+b) Ly

2
F1F11+a+b
(2)(< )

] F[; (1+a)T ( @+ b)D B

Bailey’stheoremis

1
Fi@l-ac E)

) F(%cj F(% 1+ c)j
i F[; (c+a) F(% (1+c- a)D |

REFERENCES

[1] Abaramowitz, Miltion; Stegun, Irene A., eds. ‘‘ Chapter 15",
Handbook of Mathematical Functions with Formulas, with
Formulas, Graphs, and Mathematicl Tables, New York: Dover,
pp. 555, ISBN 978-048612720, MR0167642, http://
www.math.sfu.ca/~cbm/aands/page 555.htm. (1965).

[2] Daalhuis, Adri B. Olde ‘‘Hypergeometric function, in Olver,
Frank W.J.; Lozier, Daniel M.; Boisvert, Rona F. et a., NIST

(78

(3]

(4]

(5]

(6]

(7]

(8l

(9]

35

Handbook of Mathematical functions, cambridge University
Press, ISBN 978-052112255, http://dImf.nist.gov/15. (2010).

Arthur, Erdelyi; Magnus, Wilhelm; Oberhettinger, Fritz and
Tricomi, Francesco G. Higher transcendental functions. New
York-Toronto-London: McGraw-Hill Book Company, Inc..
WISBN 978-0-89874-206-MR0058756 |: (1953).

Gasper G. and Rahman M., Basic Hypergeometric Series;
Cambridge University Press, Cambridge, (1990).

Gauss, Carl Friedrich (1813). ‘‘Disquistiones generales circa
seriam infinitam 1+iﬁx+w X X + etc..
. 1-2-y(y+2)

(in Latin). Commentationes societatis regiae scientarum
Gottingensis  recentiores  (Gottingen) 2.  http:/
books.google.com/books?id=uDMAAAAAQAA]. (Gauss's
original paper can be found in Carl Friedrich Gauss Werke, p.
125).

_ B
Heine, Eduard (1846), ‘‘Uber die Reihe 1+w
@-9(q" -1

, @-0@ -9 -y t-9
@-9 (-1 @**-1

die reine und angewandte Mathematik 32: 210-212, http://

resolver.sub.unigoettingen.de/purl 7GDZPPN002145391.

Ernst Eduard Kummer. ‘‘Uber die hypergeometrische Reihe

o Mo+t DBEHY o
Ly L2y(@+)

.., Journal fur

1+

oo+ (a+2)BBR+D P+2)
1.2-3y(y ) (y +2)

fur die reine und angewandte Mathematik 15: 39-83, 127-
172. ISBN 0075-4102. http://resolver.sub.uni-goettingen.de/
purl ?7GDZPPN00214056X (1836).

Galu'e L. and Kalla S.L., Some recurrence relations for the
generalized hypergeometric functions of the Gauss type,
Fract. Calc.and Appl. Anal.1(1): 49-62.14.[5]

W.N. Bailey, Generalized Hypergeometric Series; Cambridge
University Press, Cambridge, Second edition (1964).

X + etc.. (in German). Journal



